An exact quantum master equation formalism is constructed for the efficient evaluation of quantum non-Markovian dissipation beyond the weak system-bath interaction regime in the presence of time-dependent external field. A novel truncation scheme is further proposed and compared with other approaches to close the resulting hierarchically coupled equations of motion. The interplay between system-bath interaction strength, non-Markovian property, and required level of hierarchy is also demonstrated with the aid of simple spin-boson systems. © 2005 American Institute of Physics. ͓DOI: 10.1063/1.1850899͔
The key quantity in quantum statistical dynamics is the reduced density operator, (t)ϵtr B T (t), i.e., the partial trace of the total density operator over the bath space. It is well known that the exact evolution of (t) can be formulated in terms of path integral functional assuming the harmonic linear coupling bath model. Its numerical implementation is however much more tedious than that of differential quantum master equation formulations. Tanimura et al. 1, 2 had constructed an exact quantum Fokker-Planck equation from path integral formulations based on a GaussianMarkovian bath model. More recently, the construction of exact quantum master equations has been achieved by exploiting various stochastic approaches to dissipative dynamics. [3] [4] [5] [6] [7] [8] In this work, we generalize the Tanimura-Kubo's method 1,2 to arbitrary cases and construct an exact differential formulation of (t) based on rather simple calculus on the path integral functional. Let us start with the review of the path integral formulation. The total Hamiltonian assumes H T (t)ϭH(t)Ϫ ͚ a Q a F a (t). Here, H(t) is the deterministic part governing the coherent motion of the reduced system, and the system-bath interaction is characterized in terms of the coupling between the system operators ͕Q a ͖ and the stochastic bath operators ͕F a (t)ϵe ). Denote (t)ϵU(t,t 0 )(t 0 ), which defines the dissipative Liouville-space propagator U(t,t 0 ). Let ⌫ϵ͕␣,␣Ј͖ be an arbitrary Liouville-space representation for the reduced system. The path integral formulation for
F͓␣,␣Ј͔e
ϪiS [␣Ј] . ͑3͒
Here S͓␣͔ and F͓␣,␣Ј͔ denote the action and influence functionals, respectively. The latter is given by
͑4͒
For the stochastic bath operators ͕F a (t)͖ that satisfy the 
Here C ab (tϪ)ϵ͗F a (t)F b ()͘ are the bath correlation functions, which satisfy the symmetry and detailed-balance relations C ab * (t)ϭC ba (Ϫt)ϭC ab (tϪi␤).
We are now in the position to derive an exact quantum master equation via a rather simple calculus on the above integral functional formulation. For clarity, we shall in the following consider only the single dissipative mode case, in which the system-bath interaction assumes HЈ(t) ϭϪQF(t). Consider the time derivative of Eq. ͑3͒ term by term. First,
The last identity defines the notion used in this paper. •H(t). Similarly,
Thus, we obtain
Here n (t)ϵU n (t,t 0 )(t 0 ) in general, with U n (t,t 0 ) being given in terms of path integral as ͑noting that 0 ϵ)
F n ͓␣,␣Ј͔e
and
The above equation leads to ͓cf. Eq. ͑8͔͒
where
͑14͒
We have, therefore, for n ;nу0 ͓cf. Eq. ͑11͔͒
Here n (t)ϵŨ n (t,t 0 )(t 0 ) and Ũ n (t,t 0 ) is similar to U n (t,t 0 ), but with F n instead of F n in Eq. ͑11͒. Both n and n are of the (2n)th-order in the system-bath interaction as their leading contributions. In Eq. ͑15͒, n (t) depends on nϮ1 (t) and n (t). The latter however does not belong to the same hierarchy. To proceed, we shall first convert Eq. ͑15͒ into a set of hierarchically coupled equations of motion ͑EOM͒, followed by a proper truncation scheme to close the resulting EOM. Note that in some special cases, such as the driven Brownian oscillators [10] [11] [12] and the pure-dephasing ͑nondemolishing͒ dynamics, 1 (t) can be obtained in terms of 0 (t)ϭ(t), and the exact quantum master equation follows immediately from Eq. ͑10͒.
The hierarchicalization of Eq. ͑15͒ can be carried out with certain forms of bath correlation function. Consider, for example, the Drude model in which C(t)ϭe
Ϫ␥t if the Matsubara terms can be neglected. Here, ␥ is the Drude cutoff and ϰi␥/(e i␤␥ Ϫ1). In this case, n (t)ϭϪ␥ n (t) and Eq. ͑15͒ becomes completely hierarchical, recovering the Fokker-Planck equation obtained previously by Tanimura and co-workers. 
kЈ jЈ
Clearly, k j kЈ jЈ is of the ͓2(kϩ jϩkЈϩ jЈ)͔th-order in the system-bath interaction as its leading contribution. In general, the bath correlation function C(t) can be expressed in an exponential series expansion, including the Matsubara terms. Equation ͑15͒ can then be converted to a set of hierarchically coupled EOM following the similar procedure shown above.
To complete the formulation, we propose in the following a novel truncation scheme and compare it with other two existing approaches to close the hierarchical EOM equivalent to Eq. ͑15͒. As shown earlier n (t) in Eq. ͑15͒ is of the same order as n (t), we need only to approximately anchor N in terms of nϽN , such that the system-bath interactions are accounted rigorously for up to the (2N)th order, but partially for the higher-order contributions. To do that, let us first recast Eq. ͑12͒ as F n ϭϪi(Q t ϪQ t Ј*)F nϪ1 , and then approximate the involving Q t with its bath-free-evolution counterpart; i.e.,
Here G(t,) denotes the dissipation-free propagator that satisfies ‫ץ‬G(t,)/‫ץ‬tϭϪiL(t)G(t,), with the reduced system Liouvillian L(t)•ϵ͓H(t),•͔. The resulting truncation scheme proposed here amounts, therefore, to
The above truncation leads to a time-local evolution for the anchoring N , and the resulting EOM is in a partial ordering prescription ͑POP͒.
In comparison, the corresponding chronological ordering prescription ͑COP͒ of (2N)th-order truncation can be realized by setting Nϩ1 ϭ0, as it effectively leads to a time-ordered, memory description of N (t) in terms of nϽN (рt). It is easy to verify that the conventional secondorder memory-kernel and time-local formulations 14 -17 are just the special cases of the present COP-truncation ( 2 ϭ0) and POP-truncation ͓Eq. ͑18͒ with Nϭ1], respectively.
Consider now the truncation scheme proposed by Tanimura and co-workers, 1, 2 in which the fast modulation or Markovian anzatz is assumed applicable at the anchor level. In this case, Q trun (t) of Eq. ͑17͒ reduces to Q trun mar ϭC Q, where C ϭ͐ 0 ϱ dC(). This scheme is essentially identical to that proposed by Tanimura and co-workers, but is obtained here for a general C(t) without invoking the GaussianMarkovian bath model. Unlike the N-level POP ͓Eq. ͑18͒ with Eq. ͑17͔͒ or COP ( Nϩ1 ϭ0) truncation, the N-level fast-modulation truncation scheme is not a rigorous (2N)th, but rather (2NϪ2)th-order formulation. All these three schemes become exact when N→ϱ.
To investigate the efficiencies of involving truncation schemes, we consider a simple spin-boson system: H ϭ 1 2 ⍀ x , with Qϭ z and C(t)ϭ⌬ 2 e Ϫ␥t . The systembath coupling strength and the nature of bath are characterized by ⌫ϵ͐ 0 ϱ dtC(t)ϭ⌬ 2 /␥ and the dimensionless modulation parameter ϵ␥/⌬, respectively. Denote
with Tϵ2/⍀, as the N-truncation deviation in the evaluation of a given test quantity A(t), which is chosen to be 22 (t)Ϫ 11 (t) in the following demonstration. The initial condition is jk (0) ϭ␦ 2 j ␦ jk ; j,kϭ1,2. Fig. 1 are the resulting error indicators s N for the aforementioned three truncation schemes, demonstrated as functions of anchoring index N at various values of system-bath coupling strength and modulation parameter: ͑a͒ ⌫ϭ⍀, ϭ1; ͑b͒ ⌫ϭ⍀, ϭ0.1; ͑c͒ ⌫ϭ10 ⍀, ϭ1; and ͑d͒ ⌫ϭ10 ⍀, ϭ0.1. This figure clearly demonstrates the following features: ͑i͒ The anchor index N depends not only on the system-bath coupling strength ⌫, but more importantly and sensitively on the modulation parameter . ͑ii͒ In the slow modulation (Ӷ1) limit, the low order truncation may not be sufficient even in the weak coupling (⌫Ӷ⍀) regime. ͑iii͒ As inferred from their constructions, these three truncation schemes are in principle of the same quality in the fast modulation limit; see Fig. 1͑c͒ . Considering further the computation efforts involved, while the anchor N in the POP truncation is expressed directly by Eq. ͑18͒, the N COP shall, however, be propagated via coupled EOM. Thus, the POP truncation scheme proposed in this work is overall the best, including the case studied in Fig. 1͑b͒ . Shown in Fig. 2 are the approximate results of the test quantity 22 (t)Ϫ 11 (t), obtained via the POP ͑solid͒, the COP ͑dash͒, and the fast-modulation ͑dot͒ truncation schemes at the specified value of N in each panel such that the error tolerance of 10 Ϫ3.5 is met by the minimum s N among these three truncation schemes. Included in each panel of this figure is also the exact result ͑thick-solid͒ that can be obtained via any truncation scheme with a sufficiently large N. Note that Fig. 2͑b͒ is depicted for 26ϽtϽ27 ͑in the unit of 2/⍀) where the difference between various curves is relatively large. The overall superiority of the POPtruncation scheme is again highlighted. Figure 2 renders some general remarks as follows: ͑iv͒ The behavior of (t) in short time, long time, and Markovian regimes may be accounted for properly by the low order n . ͑v͒ The relatively high order n are required for the intermediate time, and the slow modulation regimes. ͑vi͒ Note that the critical damp occurs at ⌫ϭ⍀ in the fast modulation (ӷ1) limit ͓cf. Fig. 2͑a͔͒ , it occurs however at a much larger ⌫ in the slow modulation (Ӷ1) limit ͓cf. Fig. 2͑b͔͒ .
Depicted in
To summarize, we have derived an exact quantum master equation formalism via a simple calculus on the Feynman-Vernon influence functional path integrals. The resulting Eq. ͑15͒ is identical to that obtained recently by Shao via a rather advanced stochastic differential equation algebra. 7, 8, 18 It is also noticed that Shi and Geva have also recently constructed a formally exact quantum dissipation theory. 19 It however depends practically on the path-integral evaluation of the Nakajima-Zwanzig dissipation kernel, which can be expressed in terms of the force-force correlation function in the correlated system-bath ensemble. 19 We have also proposed a novel truncation scheme; i.e., the POP-scheme of Eq. ͑18͒, which is shown to be overall superior to the two existing truncation approaches. In general, the interaction bath correlation function C(t) contains multi-exponential terms, especially at low temperature regime. As a result, the relevant number of n ; with nрN ͓cf. Eq. ͑16͔͒ in the hierarchical EOM increases quasiexponentially with the truncation anchor N. Therefore, the superiority of the POP-truncation scheme is of much more importance than what have been demonstrated in the numerical examples of this work. The numerical demonstrations are also of rich physical implications on the interplay between system-bath coupling strength, non-Markovian property, and the required order of truncation, which have been summarized in details in Comments ͑i͒-͑vi͒ following Figs. 1 and 2. Low-order quantum dissipation theories should therefore be used with care if non-Markovian dynamics are important. A mixed-level POP-truncation scheme would be needed for the efficient evaluation of reduced dynamics, since in general C(t) is of multiple time scales and/or Matsubara frequencies.
